Laplacian integral graphs with a given degree sequence constraint by Novanta, Anderson Fernandes et al.
ar
X
iv
:2
00
9.
11
98
5v
1 
 [m
ath
.C
O]
  2
4 S
ep
 20
20
Laplacian integral graphs with a given degree sequence constraint
A.F. Novanta⊥, C.S. Oliveira‡, L.S. de Lima†
⊥Programa de Po´s Graduac¸a˜o em Engenharia de Produc¸a˜o e Sistemas,
Centro Federal de Educac¸a˜o Tecnolo´gica Celso Suckow da Fonseca (CEFET/RJ),
CEP 20271-110, Rio de Janeiro, RJ, Brasil.
⊥Departamento de Matema´tica,
Cole´gio Pedro II (CP2),
CEP 25025-010, Duque de Caxias, RJ, Brasil.
‡Departamento de Matema´tica,
Escola Nacional de Cieˆncias Estatı´sticas (ENCE-IBGE),
CEP 20231-050, Rio de Janeiro, RJ, Brasil.
†Departamento de Administrac¸a˜o Geral e Aplicada,
Universidade Federal do Parana´,(UFPR),
CEP 80210-170, Curitiba, PR, Brasil.
anderson novanta@yahoo.com.br carla.oliveira@ibge.gov.br leonardo.delima@ufpr.br
Abstract
Let G be a graph on n vertices. The Laplacian matrix of G, denoted by L(G), is defined as
L(G) = D(G) − A(G), where A(G) is the adjacency matrix of G and D(G) is the diagonal matrix
of the vertex degrees of G. A graph G is said to be L-integral is all eigenvalues of the matrix L(G)
are integers. In this paper, we characterize all L-integral non-bipartite graphs among all connected
graphs with at most two vertices of degree larger than or equal to three.
1 Introduction and Notation
Let us consider G = (V, E) as an undirected graph, without loops or multiple edges. Let d(G) =
(d1(G), d2(G), . . . , dn(G)) be the sequence degree of G, such that ∆(G) = d1(G) ≥ d2(G) ≥ · · · ≥ δ(G) =
dn(G) and k(G) is the vertex connectivity of G. We define G1 as the family of connected graphs with
sequence degree in a way that d1 ≥ 3 and 1 ≤ di ≤ 2, i = 2, . . . , n. Also, we define G2 as the family of
connected graphs with sequence degree such that d1 ≥ d2 ≥ 3 and 1 ≤ di ≤ 2, i = 3, . . . , n. The sum
graph, denoted byG = G1+G2, is the graphG such that V = V1×V2 and each pair of vertices (u1, u2) and
(v1, v2) are adjacent in G if and only if u1 = v1 and (u2, v2) ∈ E2 or u2 = v2 and (u1, v1) ∈ E1. The Firefly
graph, denoted by Fr,s,t, is the graph with 2r+ s+ 2t+ 1 vertices that contain r triangles, s pendant edges
1
and t pendant paths of length 2 sharing a common vertex. We write A(G) for the (0,1)-adjacency matrix
of a graph and D(G) for the diagonal matrix of the vertex degrees of G. Also, write L(G) = D(G) − A(G)
and Q(G) = D(G) − A(G) for the Laplacian matrix and signless Laplacian matrix of G. A graph G is
L-integral (resp. Q-integral) if all of its L-eigenvalues (resp. Q-eigenvalues) are integers. The spectrum
of the Laplacian matrix ofG is denoted by S pecL(G) =
¶
µ1(G)
[n1], µ2(G)
[n2], . . . , µs(G)
[ns]
©
,where µi(G)
is the i-th largest Laplacian eigenvalue and ni is its algebraic multiplicity. The algebraic connectivity of
G is denoted by a(G) = µn−1(G).
Some infinite families of L-integral graphs were characterized in the literature as it can be seen
in [7–11]. In particular, Kirkland in [8] determined all Laplacian integral graph such that ∆(G) = 3.
Motivated by that, we studied all Laplacian integral graphs with at most two vertices of degree greater
than or equal to 3. It is worth mentioning that Novanta et al. in [12] found all bipartite Q-integral graphs
in G1 and G2. Since for bipartite graphs the L- and Q-eigenvalues coincide all L-integral bipartite graphs
within those families are solved. In this paper, we determine all non bipartite L-integral graphs in the
families G1 and G2. Thus, we state our main result:
Theorem 1.1. Let G be a graph on n ≥ 9 vertices with at most two vertices of degree greater than two.
Then G is L-integral if and only if G is one of the following: K1,n−1, K2 + K1,n−3, K2,n−2, Fr,s,0, where
s ≥ 1 and r ≥ 1, K1 ∨ (rK1 ∪ sK2 ∪ K1,t), where t ≥ 2 and r + s ≥ 2 or K2 ∨ (n − 2)K1.
The remaining of the paper is organized as follows. In Section 2, we will give some important results
that will be needed in the sequel. In Section 3, we present all non bipartite L-integral graphs in the family
G1. In Section 4, we present all non bipartite L-integral graphs in the family G2.
2 Preliminaries
In this section, we present some results that will be useful to prove the main results of the paper.
Lemma 2.1. [2] Let G be a connected graph. Then a(G) > 0.
Lemma 2.2. [2] Let G be a non-complete graph. Then a(G) ≤ k(G) ≤ δ(G).
Theorem 2.3. [6] Let G be a non-complete and connected graph on n vertices. Then k(G) = a(G) if
only if G can be written as G = Ga ∨Gb, where Ga is a disconnected graph on (n − k(G)) vertices and
Gb is a graph on k(G) vertices with a(Gb) ≥ 2k(G) − n.
Lemma 2.4. [4] Let A be a block diagonal matrix where Aii, for 1 ≤ i ≤ k are blocks of A. Then,
det A =
k∏
i=1
det Aii.
Definition 2.5. [1] Given a graph G, and a matrix M = [mi j] associated with G, a partition pi of V(G),
V(G) = V1 ∪ · · · ∪ Vk is equitable with respect to G and M, if for all i, j ∈ {1, 2, · · · , k}
∑
t∈V j
mst = di j
is a constant di j for any s ∈ Vi.
Theorem 2.6. [1] Any eigenvalue of Mpi is also an eigenvalue of M.
2
Lemma 2.7. [3] Let G be a graph on n vertices and f an edge of G. If H  G \ f then
µ1(G) ≥ µ1(H) ≥ µ2(G) ≥ µ2(H) ≥ ... ≥ µn(G) ≥ µn(H).
If H is a subgraph of G obtained by removing r edges, then for each i = 1, . . . , n − r.
µi(G) ≥ µi(H) ≥ µi+r(G).
Let A be a matrix of order n and 1 ≤ r ≤ n. The matrix Ar of order r is a principal submatrix of A
obtained by deleting n − r rows and the corresponding columns from A.
Proposition 2.8. [4] Let A be a Hermitian matrix of order n, let r be an integer with 1 ≤ r < n, and let
Ar be a principal submatrix of A of order r with eigenvalues λ1 ≥ · · · ≥ λn and θ1 ≥ · · · ≥ θr respectively.
Then, for each i = 1, . . . , r
λi ≥ θi ≥ λi+n−r .
Remark 2.9. Let Bn−2 be a principal submatrix of L(G). From Proposition 2.8, we have that θn−3(Bn−2) ≥
µn−1(G). If G is connected and Bn−2 has at least two eigenvalues in the interval (0, 1), we conclude that
0 < µn−1(G) < 1.
Remark 2.10. [12] For n ≥ 7, there are at least 2 eigenvalues of L(Pn) in the interval (0, 1).
Theorem 2.11. [12] Let G be a graph on n vertices with at most two vertices of degree greater than or
equal to 3. Then G is Q-integral if and only if G is one of the following: K1,n−1, K2 + K1,n−3, K2,n−2 or
Γ1,0,1  P4[K2,K1,K1,K2].
The following results characterize cographs from forbidden P4 and show that all cographs are L-
integral.
Theorem 2.12. [11] A graph is cograph if and only if it does not have an induced subgraph isomorphic
to P4.
Theorem 2.13. [11] If G is cograph then G is a L-integral.
3 L-integral graphs in G1
In [12], Novanta et al. characterized all L-integral bipartite graphs belonging to G1. In this section, we
characterize all L-integral non-bipartite graphs in G1. The graphs that belong to family G1 are graphs
that contain cycles, paths and pending vertices with one vertex, say u, in common such that d(u) ≥ 3.
Notice that the firefly graphs, Fr,s,t, belong to the family G1 such that F0,n−1,0  K1,n−1, F0,0,1  K1,2 are
L-integral graphs. Below, we present the main result of this section.
Theorem 3.1. Let G ∈ G1 be a graph on n vertices. Then, G is L-integral if only if either G  K1,n−1 or
G  Fr,s,0, with s ≥ 1 and r ≥ 1.
Proof. Let G ∈ G1. If G is bipartite, from Theorem 2.11, G is L-integral if and only if G  K1,n−1. Now,
suppose that G is non-bipartite and L-integral. From Lemmas 2.1 and 2.2, 0 < a(G) ≤ k(G) = 1, and
consequently a(G) = 1. From Theorem 2.3,G  Ga∨Gb where V(Gb) = {u}. AsG ∈ G1 and ∀ x ∈ V(G),
d(x) ≤ 2, we have that Ga  r · K1 ∪ s · K2 where r ≥ 1 and s ≥ 1. So, G  Fr,s,0 which is a cograph.
From Theorem 2.13, G is L− integral and the result follow.

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4 L-integral graphs in G2
In [12], Novanta et al. characterized all L-integral bipartite graphs belonging to G2. Let G′2 be the
subfamily of non-bipartite graphs belonging to G2. From Lemmas 2.1 and 2.2, we have that 0 < a(G) ≤
k(G) ≤ 2. So, in order to characterize all L-integral graphs in G′2 we need to consider the cases: a(G) =
k(G) and a(G) < k(G).
Case 1: G ∈ G′2 and a(G) = k(G).
Theorem 4.1. Let G ∈ G′2 with n ≥ 7 vertices. Then G is L-integral if and only if G  K1 ∨ (r · K1 ∪ s ·
K2 ∪ K1,t), where t ≥ 2 and r + s ≥ 2 or G  K2 ∨ (n − 2) · K1.
Proof. Let G ∈ G′2 with n ≥ 7 vertices. Suppose that G is L-integral. So, a(G) = k(G) = 1 or
a(G) = k(G) = 2. Firstly, suppose that a(G) = k(G) = 1. From Theorem 2.3, G  Ga ∨ Gb where
V(Gb) = {u} and, consequently, v ∈ V(Ga). Let x ∈ V(Ga) that such x , v. As G ∈ G2, d(x) ≤ 2, we
conclude that Ga  r · K1 ∪ s · K2 ∪ K1,t, where t ≥ 2 and r + s ≥ 2. Now, suppose that a(G) = k(G) = 2.
From Theorem 2.3, G  Ga ∨Gb such that Gb is a graph on two vertices. So, u, v ∈ V(Gb) and Gb  K2.
Let x ∈ V(Ga). AsG ∈ G′2 and d(x) ≤ 2, we conclude that Ga  (n − 2) · K1. Then, G  K2 ∨ (n − 2) · K1
and the result follows. 
Case 2: G ∈ G′2 and a(G) < k(G).
In this case, we characterize all L−integral in G′2 such that a(G) < k(G) ≤ 2. If k(G) = 1, G is not
L-integral. So, we only need to consider that k(G) = 2. Then, G has only cycles that contain two vertices
u and v of degree larger than or equal to 3. Consequently, we need to analyze the length of paths with
end vertices u and v.
Proposition 4.2. Let G ∈ G′2 with n ≥ 11 vertices. If G has a subgraph Pk, for k ≥ 9, with end vertices
u and v, then G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 11 vertices. For k ≥ 9, suppose that G contains a path Pk with sequence of
vertices ux1 · · · xk−2v. Let H be the subgraph of G obtained by removing the edges ux1 and xk−2v. So,
H  H1 ∪ Pk−2, where H1 is a non bipartite graph and µn(H) = µn−1(H) = 0. From Remark 2.10, Pk−2
has at least 2 eigenvalues in the interval (0, 1). Then, we assume that 0 < µn−2(H) ≤ µn−3(H) < 1. From
Lemma 2.7, we conclude that 0 < µn−1(G) ≤ µn−3(H) < 1. Therefore, G is not L-integral. 
From Proposition 4.2, now we need to consider the remaining cases when G has a subgraph Pk for
3 ≤ k ≤ 8. First, we consider that G ∈ G′2 is a graph that contains r paths Ppnp , for 1 ≤ p ≤ ∆(G) = ∆
with the sequences of vertices ux
p
1 · · · xpnp−2v such that np ∈ {3, 5, 7}. As G is non bipartite graph, the
vertices u and v should be adjacent. By a convenient labeling for the vertices, L(G) can be described in
the following way:
L(G) =


D2×2 T2×(n1−2) T2×(n2−2) · · · T2×(n∆−2)
T(n1−2)×2 An1−2 0(n1−2)×(n2−2) · · · 0(n1−2)×(n∆−2)
T(n2−2)×2 0(n2−2)×(n2−2) A(n2−2) · · · 0(n2−2)×(n∆−2)
...
...
...
. . .
...
T(n∆−2)×2 0(n∆−2)×(n1−2) 0(n∆−2)×(n2−2) · · · An∆−2


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where D = [di j]2×2 such that di j =
®
∆, i f i = j
−1, i f i , j and T = [ti j]2×np−2 such that
ti j =


−1, i = j = 1
−1, i = 2 and j = np − 2
0, otherwise.
Observe that Anp−2 ∈ {A1, A3, A5}, where
A1 =
î
2
ó
, A3 =


2 −1 0
−1 2 −1
0 −1 2

 and A5 =


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 2


.
Notice that since G is non-bipartite, the vertices u and v should be adjacent and we will use this fact
to prove Proposition 4.3, 4.4 and 4.5.
Proposition 4.3. Let G ∈ G′2 with n ≥ 9 vertices. If G has at least two subgraphs P5, or at least two
subgraphs P7 or one subgraph P5 together with a subgraph P7 with end vertices u and v, then G is not
L-integral.
Proof. Let G ∈ G′2 with n ≥ 9 vertices. Suppose that G contains at least two paths P5, or at least two
paths P7 or one path P5 together with a path P7 with the sequence of vertices ux
i
1 · · · xinp−2v such that
np ∈ {5, 7} and i ≥ 2. In all cases, let Bn−2 be the principal submatrix of L(G) obtained by removing
both rows and columns that correspond to vertices u and v. It is easy to see that Bn−2 is a block diagonal
matrix and its blocks are the matrices A3 and/or A5 which have eigenvalues in the interval (0, 1). From
Proposition 2.8, we have 0 < µn−1(G) ≤ θn−3(Bn−2) < 1. Then, G is not L-integral.

As G is a non-bipartite graph, the following remaining cases are described as: (i) G has at least one
subgraph P3 and one subgraph P5, and (ii) G has at least one subgraph P3 and one subgraph P7. Next,
Proposition (4.4) proves case (i), and Proposition (4.5) proves case (ii).
Proposition 4.4. Let G ∈ G′2 with n ≥ 6 vertices. If G has s ≥ 1 subgraphs P3 and one subgraph P5 with
end vertices u and v, then G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 6 vertices. Recall that uv ∈ G. It is easy to see that G is not a L-integral
graph for s = 1. Suppose that s ≥ 2. By a convenient labeling of the vertices of G, the matrix L(G) can
be written in the following way:
L(G) =


s + 2 −1 −1 · · · −1 −1 0 0
−1 s + 2 −1 · · · −1 0 0 −1
−1 −1 2 · · · 0 0 0 0
...
...
...
. . .
...
...
...
...
−1 −1 0 · · · 2 0 0 0
−1 0 0 · · · 0 2 −1 0
0 0 0 · · · 0 −1 2 −1
0 −1 0 · · · 0 0 −1 2


.
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According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + 2 −1 −s −1 0 0
−1 s + 2 −s 0 0 −1
−1 −1 2 0 0 0
−1 0 0 2 −1 0
0 0 0 −1 2 −1
0 −1 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ6 + (−2s − 12)λ5 + (s2 + 18s +
55)λ4 + (−6s2 − 56s − 120)λ3 + (10s2 + 70s + 125)λ2 + (−4s2 − 30s − 50)λ. As p(1) = s2 − 1 > 0, for
s ≥ 2, and p(2) = −4s < 0, we conclude that there is a root in the interval (1, 2), and consequently G is
not L-integral. 
Proposition 4.5. Let G ∈ G′2 with n ≥ 8 vertices. If G has at least s ≥ 1 subgraphs P3 and one subgraph
P7 with end vertices u and v, then G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 8 vertices. It is easy to see that G is not L-integral for s = 1. Suppose that
s ≥ 2. By a convenient labeling for the vertices, L(G) can be described in the following way:
L(G) =


s + 2 −1 −1 · · · −1 −1 0 0 0 0
−1 s + 2 −1 · · · −1 0 0 0 0 −1
−1 −1 2 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
...
...
...
...
−1 −1 0 · · · 2 0 0 0 0 0
−1 0 0 · · · 0 2 −1 0 0 0
0 0 0 · · · 0 −1 2 −1 0 0
0 0 0 · · · 0 0 −1 2 −1 0
0 0 0 · · · 0 0 0 −1 2 −1
0 −1 0 · · · 0 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + 2 −1 −s −1 0 0 0 0
−1 s + 2 −s 0 0 0 0 −1
−1 −1 2 0 0 0 0 0
−1 0 0 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ8 + (−2s − 16)λ7 + (s2 + 26s +
105)λ6 + (−10s2 − 132s − 364)λ5 + (36s2 + 330s + 714)λ4 + (−56s2 − 420s − 784)λ3 + (35s2 + 252s +
441)λ2 + (−6s2 − 56s − 98)λ. As p(3) = −6s + 3 < 0 and p(4) = 24s2 − 32s + 8 > 0 for s ≥ 2, we
conclude that there is a root in the interval (3, 4), and consequently G is not L-integral.

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Remark 4.6. If G ∈ G′2 and G has only subgraph P3 with end vertices u and v, a(G) = k(G) which was
analyzed in Case 4.1.
Now let us analyze the cases in which G ∈ G′2 is a graph that contains r paths Ppnp with the sequence
of vertices ux
p
1 · · · xpnp−2v, for 1 ≤ p ≤ r, and np ∈ {4, 6, 8}. By a convenient labeling to the vertices of G
we have
L(G) =


D2×2 T2×(n1−2) T2×(n2−2) · · · T2×(nr−2)
T(n1−2)×2 An1−2 0(n1−2)×(n2−2) · · · 0(n1−2)×(nr−2)
T(n2−2)×2 0(n2−2)×(n2−2) A(n2−2) · · · 0(n2−2)×(nr−2)
...
...
...
. . .
...
T(nr−2)×2 0(nr−2)×(n1−2) 0(nr−2)×(n2−2) · · · Anr−2


,
where D = [di j]2×2 such that di j =


∆, i f i = j
−1, i f i , j and u ∼ v
0, i f i , j and u / v
and T = [ti j]2×np−2 such that
ti j =


1, if i = j = 1,
−1, if i = 2 and j = np − 2,
0, otherwise.
Observe that Anp−2 ∈ {A2, A4, A6}, where
A2 =
ñ
2 −1
−1 2
ô
, A4 =


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

 and A6 =


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 1 2 1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2


.
By using the matrix L(G) presented above, we have the following propositions.
Proposition 4.7. Let G ∈ G′2 with n ≥ 9 vertices. If G has a subgraph P8 with end vertices u and v, then
G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 9 vertices. Suppose that G contains a path P8 with the sequence of
vertices ux1 · · · x6v. Let Bn−2 be the principal submatrix of L(G) obtained by removing both rows and
columns that correspond to vertices u and v. Note that Bn−2 is a block diagonal matrix and one of its
blocks is the matrix A6, which has two eigenvalues in the interval (0, 1). From Lemma 2.4, we have
0 < θn−2(Bn−2) < θn−3(Bn−2) < 1 and consequently from Proposition 2.8, we conclude that 0 < µn−1(G) =
a(G) ≤ θn−3(Bn−2) < 1. Therefore, G is not L-integral. 
Proposition 4.8. Let G ∈ G′2 with n ≥ 7 vertices. If G has a subgraph P6 with end vertices u and v, then
G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 7 vertices. Suppose that G contains a ≥ 2 paths P6 with the sequence of
vertices ux1
i · · · x4iv for 2 ≤ i ≤ a. Let Bn−2 be the principal submatrix of L(G) obtained by removing
both rows and columns that correspond to vertices u and v. Note that Bn−2 is a block diagonal matrix and
a ≥ 2 of its blocks is the matrix A4. It is easy to see that A4 has one eigenvalue in the interval (0, 1).
Then, Bn−2 contains a ≥ 2 eigenvalues in the interval (0, 1). From Lemma 2.4, we have 0 < θn−2(Bn−2) <
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θn−3(Bn−2) < 1, and consequently, from Proposition 2.8, we conclude that 0 < µn−1(G) ≤ θn−3(Bn−2) < 1.
Therefore, G is not L-integral.
Now, suppose that G contains one path P6 with the sequence of vertices ux1 · · · x4v along with one
path P5 or one path P7. Therefore the principal submatrix of L(G) obtained by removing both rows and
columns that correspond to vertices u and v, Bn−2, is a block diagonal matrix wich has at least two blocks
A6 and A5 or A6 and A7. In the both cases, Bn−2 contains a ≥ 2 eigenvalues in the interval (0, 1) and,
consequently, from Proposition 2.8, we conclude that 0 < µn−1(G) ≤ θn−3(Bn−2) < 1. Then, G is not
L-integral.
Finally, suppose that G contains one path P6, with the sequence of vertices ux1 · · · x4v, with s ≥ 1
paths P3 and t ≥ 0 path P4. So, we need to consider the following cases:
Case 1: G contains t ≥ 1 paths P4, s ≥ 1 paths P3 and one path P6.
Case 1.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + t + 2 −1 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0 0
−1 s + t + 2 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 2 −1 −s −t 0 −1 0 0 0
−1 s + t + 2 −s 0 −t 0 0 0 −1
−1 −1 2 0 0 0 0 0 0
−1 0 0 2 −1 0 0 0 0
0 −1 0 −1 2 0 0 0 0
−1 0 0 0 0 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ9 + (−2s − 2t − 18)λ8 + (s2 + 2st +
t2+30s+30t+137)λ7+ (−12s2−24st−12t2−184s−186t−574)λ6 + (56s2+114st+57t2+594s+614t+
8
1443)λ5 + (−128s2−272st−136t2 −1082s−1154t−2222)λ4 + (148s2+338st+169t2 +1106s+1216t+
2043)λ3 + (−80s2 − 200st − 100t2 − 588s − 650t − 1026)λ2 + (15s2 + 40st + 20t2 + 126s + 132t + 216)λ.
As p(3) = −6st − 3t2 < 0 and p(4) = 4(s + 2t)(15s + 10t − 18) > 0, we conclude that there is a root in
the interval (3, 4), and consequently G is not L-integral.
Case 1.2: u and v are non-adjacent.
By a convenient labeling for the vertices, L(G) can be described the following way
L(G) =


s + t + 1 0 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0 0
0 s + t + 1 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 1 0 −s −t 0 −1 0 0 0
0 s + t + 1 −s 0 −t 0 0 0 −1
−1 −1 2 0 0 0 0 0 0
−1 0 0 2 −1 0 0 0 0
0 −1 0 −1 2 0 0 0 0
−1 0 0 0 0 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ9 + (−2s − 2t − 16)λ8 + (s2 + 2st +
t2 + 28s + 28t + 107)λ7 + (−12s2 − 24st − 12t2 − 160s − 160t − 388)λ6 + (56s2 + 114st + 57t2 + 482s +
480t + 827)λ5 + (−128s2 − 272st − 136t2 − 826s − 808t − 1048)λ4 + (148s2 + 338st + 169t2 + 810s +
754t + 757)λ3 + (−80s2 − 200st − 100t2 − 428s − 360t − 276)λ2 + (152 + 40st + 20t2 + 96s + 72t + 36)λ.
As p(3) = −6st − 3t2 < 0 and p(4) = 4(s + 2t − 2)(15s + 10t − 18) > 0, we conclude that there is a root
in the interval (3, 4), and consequently G is not L-integral.
Case 2: G contains s ≥ 1 paths P3 and one path P6.
Case 2.1: u and v are adjacent.
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By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + 1 −1 −1 · · · −1 −1 0 0 0
−1 s + 1 −1 · · · −1 0 0 0 −1
−1 −1 2 · · · 0 0 0 0 0
...
...
...
. . .
...
...
...
...
...
−1 −1 0 · · · 2 0 0 0 0
−1 0 0 . . . 0 2 −1 0 0
0 0 0 . . . 0 −1 2 −1 0
0 0 0 . . . 0 0 −1 2 −1
0 −1 0 . . . 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + 1 −1 −s −1 0 0 0
−1 s + 1 −s 0 0 0 −1
−1 −1 2 0 0 0 0
−1 0 0 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 −1 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ7 + (−2s − 14)λ6 + (s2 + 22s +
78)λ5 + (−8s2 − 90s − 220)λ4 + (21s2 + 168s + 329)λ3 + (−20s2 − 140s − 246)λ2 + (5s2 + 42s + 72)λ.
As p(1) = −s2 < 0 and p(2) = 2s2 + 4s > 0, we conclude that there is a root in the interval (1, 2), and
consequently G is not L-integral.
Case 2.2: u and v are non-adjacent.
It is easy to see that for s = 1 or s = 2, G is not L-integral. Suppose that s ≥ 3. By a convenient
labeling for the vertices, L(G) can be described the following way:
L(G) =


s + 1 0 −1 · · · −1 −1 0 0 0
0 s + 1 −1 · · · −1 0 0 0 −1
−1 −1 2 · · · 0 0 0 0 0
...
...
...
. . .
...
...
...
...
...
−1 −1 0 · · · 2 0 0 0 0
−1 0 0 . . . 0 2 −1 0 0
0 0 0 . . . 0 −1 2 −1 0
0 0 0 . . . 0 0 −1 2 −1
0 −1 0 . . . 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
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RL(G) =


s + 1 0 −s −1 0 0 0
0 s + 1 −s 0 0 0 −1
−1 −1 2 0 0 0 0
−1 0 0 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 −1 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ7 + (−2s − 12)λ6 + (s2 + 20s +
56)λ5 + (−8s2 − 74s − 128)λ4 + (21s2 + 126s + 147)λ3 + (−20s2 − 100s − 76)λ2 + (5s2 + 32s + 12)λ. As
p(2) = 2s2 > 0 and p(3) = −3s2 + 6s < 0 for s ≥ 3, we conclude that there is a root in the interval (2, 3),
and consequently G is not L-integral. 
Proposition 4.9. Let G ∈ G′2 with n ≥ 6 vertices. If G has a subgraph P4 with end vertices u and v, then
G is not L-integral.
Proof. Let G ∈ G′2 with n ≥ 6 vertices. Suppose that G contains one path P4 with the sequence of
vertices ux1x2v and with at least two paths in the set {P5, P7}. Let Bn−2 the submatrix principal of L(G)
obtained by removing boths rows and columns corresponding to vertices u and v. As Bn−2 is a block
diagonal matrix and its blocks belong to the set {A3, A5} which have one eigenvalue in the interval (0, 1),
from Proposition 2.8, we conclude that 0 < µn−1(G) ≤ θn−3(Bn−2) < 1. Then, G is not L-integral.
Now, suppose that G contains t ≥ 1 paths P4, with the sequence of vertices uxq1xq2v, such that 1 ≤ q ≤
t, s ≥ 1 paths P3 or/and one path of the set {P5, P7}. So we need to analyse the following cases:
Case 1: G contains t ≥ 1 paths P4 and s ≥ 1 paths P3.
Case 1.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + t + 1 −1 −1 · · · −1 −1 · · · −1 0 · · · 0
−1 s + t + 1 −1 · · · −1 0 · · · 0 −1 · · · −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2


.
According to Theorem 2.6, the eigenvalues of the matrix
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RL(G) =


s + t + 1 −1 −s −t 0
−1 s + t + 1 −s 0 −t
−1 −1 2 0 0
−1 0 0 2 −1
0 −1 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ5 + (−2s − 2t − 8)λ4 + (s2 + 2st +
t2 + 12s + 12t + 23)λ3 + (−4s2 − 8st − 4t2 − 22s − 24t − 28)λ2 + (3s2 + 8st + 4t2 + 12s + 16t + 12)λ. As
p(1) = 2st + t2 + 2t > 0 and p(2) = −2s2 < 0, we conclude that there is a root in the interval (1, 2), and,
consequently, G is not L-integral.
Case 1.2: u and v are non-adjacent.
By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + t 0 −1 · · · −1 −1 · · · −1 0 · · · 0
0 s + t −1 · · · −1 0 · · · 0 −1 · · · −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t 0 −s −t 0
0 s + t −s 0 −t
−1 −1 2 0 0
−1 0 0 2 −1
0 −1 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ5 + (−2s − 2t − 6)λ4 + (s2 + 2st +
t2 + 10s+ 10t+ 11)λ3 + (−4s2 − 8st− 4t2 − 14s− 14t− 6)λ2 + (3s2 + 8st+ 4t2 + 6s+ 4t)λ. Then, we have:
(i) for s = 1 and t ≥ 2, p(λ) = λ(λ2−λ(4+ t)+3+2t)2, whose roots are 0, −
√
t2+4+t+4
2
with multiplicity
2, and
√
t2+4+t+4
2
with multiplicity 2 as well. As t <
√
t2 + 4 < t + 1, p(λ) has non-integer roots ;
(ii) for s = 2 and t = 1, S pecL(G) = {4.73[1], 4[1], 2[2], 1.27[1], 0[1]};
(iii) for s = 2 and t = 2, S pecL(G) = {5.56[1], 5[1], 3[1], 2[2], 1.44[1], 1[1], 0[1]};
(iv) for s = 2 and t ≥ 3, p(λ) = (−2t−10)λ4+λ5+(t2+14t+35)λ3+(−4t2−30t−50)λ2+(4t2+20t+24)λ,
whose roots are 0, 2, t + 3, −
√
t2+2t+9+t+5
2
,
√
t2+2t+9+t+5
2
. As t + 1 <
√
t2 + 2t + 9 < t + 2, p(λ) has
non-integer roots ;
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(v) for s ≥ 3 and t ≥ 1, p(2) = −2s2 + 4s < 0 and p(3) = 6st + 3t2 − 6t > 0. So, we conclude that
there is a root in the interval (2, 3).
Therefore, in all previous cases we obtain that G is not L-integral.
Case 2: G contains t ≥ 1 paths P4, s ≥ 0 paths P3, and one path P5.
Case 2.1: u and v are adjacent.
By a convenient labeling for the vertices, L(G) can be described in the following way:
L(G) =


s + t + 2 −1 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0
−1 s + t + 2 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 2 −1 −s −t 0 −1 0 0
−1 s + t + 2 −s 0 −t 0 0 −1
−1 −1 2 0 0 0 0 0
−1 0 0 2 −1 0 0 0
0 −1 0 −1 2 0 0 0
−1 0 0 0 0 2 −1 0
0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ8 + (−2s − 2t − 16)λ7 + (s2 + 2st +
t2+26s+26t+106)λ6 + (−10s2−20st−10t2−134s−136t−376)λ5 + (37s2+76st+38t2+348s+364t+
770)λ4 + (−62s2 − 136st − 68t2 − 478s − 520t − 910)λ3 + (46s2 + 112st + 56t2 + 330s + 370t + 575)λ2 +
(−12s2−32st−16t2−90s−100t−150)λ. As p(0.5) ≈ −0.23s2−0.84st−0.42t2−4.30s−3.61t−7.09 < 0
and p(1) = t2 + 2t > 0, we conclude that there is a root in the interval (0.5, 1), and consequently G is not
L-integral.
Case 2.2: u and v are non-adjacent.
For s = 0 and t = 2, it is easy to see thatG is not L-integral. By a convenient labeling for the vertices,
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L(G) can be described the following way:
L(G) =


s + t + 1 0 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0
0 s + t + 1 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 1 0 −s −t 0 −1 0 0
0 s + t + 1 −s 0 −t 0 0 −1
−1 −1 2 0 0 0 0 0
−1 0 0 2 −1 0 0 0
0 −1 0 −1 2 0 0 0
−1 0 0 0 0 2 −1 0
0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ8 + (−2s − 2t − 14)λ7 + (s2 + 2st +
t2 + 24s + 24t + 80)λ6 + (−10s2 − 20st − 10t2 − 114s − 114t − 240)λ5 + (37s2 + 76st + 38t2 + 274s +
272t + 404)λ4 + (−62s2 − 136st − 68t2 − 354s − 340t − 376)λ3 + (46s2 + 112st + 56t2 + 238s + 210t +
175)λ2 + (−12s2 − 32st − 16t2 − 66s − 52t − 30)λ. As p(0.5) < 0 and p(1) > 0 for s , 0 or t , 2, we
conclude that there is a root in the interval (0.5, 1), and consequently G is not L-integral.
Case 3: G contains t ≥ 1 paths P4, s ≥ 1 paths P3 and one path P7.
Case 3.1: u and v are adjacent.
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By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + t + 2 −1 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0 0 0
−1 s + t + 2 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 2 −1 −s −t 0 −1 0 0 0 0
−1 s + t + 2 −s 0 −t 0 0 0 0 −1
−1 −1 2 0 0 0 0 0 0 0
−1 0 0 2 −1 0 0 0 0 0
0 −1 0 −1 2 0 0 0 0 0
−1 0 0 0 0 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ10+(−2s−2t−20)λ9+(s2+2st+t2+
34s+34t+172)λ8+(−14s2−28st−14t2−242s−244t−832)x7+(79s2+160st+80t2+936s+960t+2485)λ6+
(−230s2 −480st−240t2 −2136s−2246t−4732)λ5 + (367s2 +806st+403t2 +2922s+3160t+5719)λ4 +
(−314s2 − 740st− 370t2 − 2324s− 2562t − 4214)λ3 + (129s2 + 328st+ 164t2 + 980s+ 1064t + 1715)λ2 +
(−18s2−48st−24t2−168s−168t−294)λ. As p(0.5) ≈ 0.88s2+3.16st+1.58t2−0.76s+2.29t−2.47 > 0
and p(1) = −4t < 0, we conclude that there is a root in the interval (0.5, 1), and consequently G is not
L-integral.
Case 3.2: u and v are not adjacent.
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By a convenient labeling for the vertices, L(G) can be described the following way:
L(G) =


s + t + 1 0 −1 · · · −1 −1 · · · −1 0 · · · 0 −1 0 0 0 0
0 s + t + 1 −1 · · · −1 0 · · · 0 −1 · · · −1 0 0 0 0 −1
−1 −1 2 · · · 0 0 · · · 0 0 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
−1 −1 0 · · · 2 0 · · · 0 0 · · · 0 0 0 0 0 0
−1 0 0 · · · 0 2 · · · 0 −1 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
−1 0 0 · · · 0 0 · · · 2 0 · · · −1 0 0 0 0 0
0 −1 0 · · · 0 −1 · · · 0 2 · · · 0 0 0 0 0 0
...
...
...
. . .
...
...
. . .
...
...
. . .
...
...
...
...
...
...
0 −1 0 · · · 0 0 · · · −1 0 · · · 2 0 0 0 0 0
−1 0 0 . . . 0 0 . . . 0 0 . . . 0 2 −1 0 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 −1 2 −1 0 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 −1 2 −1 0
0 0 0 . . . 0 0 . . . 0 0 . . . 0 0 0 −1 2 −1
0 −1 0 . . . 0 0 . . . 0 0 . . . 0 0 0 0 −1 2


.
According to Theorem 2.6, the eigenvalues of the matrix
RL(G) =


s + t + 1 0 −s −t 0 −1 0 0 0 0
0 s + t + 1 −s 0 −t 0 0 0 0 −1
−1 −1 2 0 0 0 0 0 0 0
−1 0 0 2 −1 0 0 0 0 0
0 −1 0 −1 2 0 0 0 0 0
−1 0 0 0 0 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 0 0 −1 2


are eigenvalues of L(G), whose characteristic polynomial is p(λ) = λ10 + (−2s − 2t − 18)λ9 + (s2 + 2st +
t2+32s+32t+138)λ8+ (−14s2−28st−14t2−214s−214t−588)λ7 + (79s2+160st+80t2+778s+776t+
1523)λ6 + (−230s2−480st−240t2 −1676s−1654t−2462)λ5 + (367s2+806st+403t2 +2188s+2098t+
2449)λ4+(−314s2−740st−370t2−1696s−1528t−1414)λ3+(129s2+328st+164t2+722s+584t+413)λ2+
(−18s2 − 48st− 24t2 − 132s− 96t− 42)λ. As p(0.5) ≈ 0.88s2 + 3.16st+ 1.58t2 − 2.52s− 2.99t+ 1.33 > 0
and p(1) = −4t < 0, we conclude that there is a root in the interval (0.5, 1), and consequently G is not
L-integral. 
Theorem 4.10. Let G ∈ G′2 with n ≥ 9 vertices. Then G is L-integral if and only if G  K1 ∨ (r · K1 ∪ s ·
K2 ∪ K1,t), where t ≥ 2 and r + s ≥ 2 or G  K2 ∨ (n − 2) · K1.
Proof. LetG ∈ G′2 with n ≥ 9 vertices. Suppose thatG is L-integral. From Theorem 4.1 and Propositions
4.2, 4.3, 4.4, 4.5, 4.7, 4.8 and 4.9 we conclude that G  K1 ∨ (r · K1 ∪ s · K2 ∪ K1,t), where t ≥ 2 and
r + s ≥ 2 or G  K2 ∨ (n − 2) · K1 and the result follows. 
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From Theorems 2.11, 3.1 and 4.10, the proof of Theorem 1.1 is complete.
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